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CORKS, EXOTIC 4-MANIFOLDS AND KNOT CONCORDANCE 


KOUICHI YASUI 

Dedicated to Professor Makoto Sakuma on the occasion of his 60th birthday 


Abstract. We give a method for producing framed knots which represent 
homeomorphic but non-diffeomorphic (Stein) 4-manifolds, using corks and 
satellite maps. To obtain the method, we introduce a new description of cork 
twists. As an application, we construct knots with the same 0-surgery which 
are not concordant for any orientations. This disproves the Akbulut-Kirby 
conjecture given in 1978. 


1. Introduction 

A framed link in gives a 4-manifold by attaching 2-handles to along 
the framed link. Such framed link presentations of 4-manifolds (together with 
gauge theoretical results) have many applications to low dimensional topology (cf. 
Him [17]). Thus it is a natural problem to find framed knots representing exotic 
(i.e. pairwise homeomorphic but non-diffeomorphic) 4-manifolds. In this paper we 
give a method for producing such framed knots. As an application, we disprove the 
Akbulut-Kirby conjecture on knot concordance given in 1978. 

1.1. Framed knots representing exotic 4-manifolds. Not much is known about 
such framed knots. The first example of a pair of framed knots representing a pair 
of exotic 4-manifolds was constructed by Akbulut [3] (see also 0 ). Kalmar and 
Stipsicz |19] extended this example to an infinite family of such pairs of knots. We 
remark that the framings of these known examples are all —1. Furthermore, one 
4-manifold of each pair admits a Stein structure, but the other does not. 

To state our results, we recall some definitions. For a knot P in x D^, let 
P{K) denote the (untwisted) satellite of a knot K in with the pattern P. We 
may regard P as a. map from the set of knots in to itself. This map P is called 
a (untwisted) satellite map. For an integer n, identifying the tubular neighborhood 
of K with X by n-framing, we have an n-twisted satellite Pn{K) of K with 
the pattern P. 

In this paper we give pairs of satellite maps which produce framed knots repre¬ 
senting exotic (Stein) 4-manifolds. For the definitions of the symbols, see Section!^ 

Theorem 1.1. There exists a pair of satellite maps P and Q satisfying the follow¬ 
ing: for any fixed integer n, if a knot K in satisfies 2g4{K) = ad{K) -|- 2 and 
n < tb{K), then the n-twisted satellite knots Pn{K) and Qn{K) with n-framings 
represent f-manifolds which are homeomorphic hut non-diffeomorphic to each other. 
Furthermore, both of these Ji.-manifolds admit Stein structures if n < tb{K) — 1. 
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In fact, we construct infinitely many such pairs of satellite maps (see Theo¬ 
rem [431 • They are probably mutually distinct pairs, but we do not pursue this 
point here. For the background of exotic Stein 4-manifolds, we refer to [S] and the 
references therein. 

To obtain the framed knots, we introduce a new description of cork twists, which 
we call a hook surgery (see Sections |3| and |5l, using a new family of corks. The 
hook surgery description of a cork twist is of independent interest and a key of this 
paper. This description immediately gives us a pair of satellite maps such that an 
exchange of the maps has an effect of the cork twist. Applying the construction of 
exotic (Stein) 4-manifolds obtained by Akbulut and the author in [7l|8], we then 
obtain the theorem above. 

We remark that, for each integer n, there are many knots K satisfying the 
assumption of this theorem (e.g. positive torus knots). Furthermore, if a knot K 
satisfies the assumption, then Pn{K) and Qn{K) also satisfy the assumption. For 
details, see Remark 14.21 Therefore we obtain the corollary below. We also give 
other types of framed knots regarding Stein structures (see Corollaries 14.101 and 

mil. 

Corollary 1.2. For each integer n, there exist infinitely many distinct pairs of 
n-framed knots such that each pair represents a pair of homeomorphic but non- 
diffeomorphic Stein 4-manifolds. 

We further discuss satellite maps from the viewpoint of 4-manifolds. For a 
(untwisted) satellite map P, an integer n, and a knot K, let P^'^l{K) denote the 
4-manifold represented by the (untwisted) satellite knot P{K) with n-framing. We 
may regard as a map from the set of knots in to the set of smooth 4- 
manifolds. We use the following terminologies. 

Definition 1.3. We call the map an n-framed 4-dimensional satellite map. 
We say that two n-framed 4-dimensional satellite maps and are smoothly 
(resp. topologically) the same, if two 4-manifolds P'^'^\K) and are diffeo- 

morphic (resp. homeomorphic) to each other for any knot K va . 

Our satellite maps reveal the following new difference between topological and 
smooth categories in 4-dimensional topology. 

Corollary 1.4. For each integer n, there exist n-framed 4-dimensional satellite 
maps which are topologically the same but smoothly distinct. 

In addition to these results, we also discuss a certain surgery, which we call a dot- 
zero surgery. This surgery is a natural generalization of a cork twist along a Mazur 
type cork, and many known exotic 4-manifolds are essentially obtained by this 
surgery (cf. (UlUfTT]). We give a sufficient condition on a link such that a dot-zero 
surgery induced from the link does not change the smooth structure of a 4-manifold 
(Proposition jSTj. Applying the new description of cork twists, we then show that 
the effect of a dot-zero surgery along a fixed contractible 4-manifold does depend 
on the choice of a link presentation of the fixed 4-manifold (see Corollarv l5.3ll . 

1.2. Application to knot concordance. Let us recall the definition and the 
background on knot concordance. Two oriented knots are said to be 

concordant if there exists a proper smooth embedding x [0,1] —)• S'^ x [0,1] 
whose restriction to x {0,1} are the two knots. In 1978, Akbulut and Kirby 
gave the following conjecture (see Problem 1.19 in the Kirby’s problem list [iQ]). 






CORKS. EXOTIC 4-MANIFOLDS AND KNOT CONCORDANCE 


3 


Conjecture 1.5 (Akbulut and Kirby). If 0-framed surgeries on two knots give the 
same 3-manifold, then the knots are concordant. 

To be precise, this conjecture is stated as follows. Note that there are oriented 
knots which are not concordant to the same knots with the reverse orientation (e.g. 

EH). 

Conjecture 1.6 (cf. [!])■ If Q-framed surgeries on two knots give the same 3- 
manifold, then the knots with relevant orientations are concordant. 

We note that many concordance invariants are defined via the 0-surgery of a 
knot (often with the positive meridian), and two knots with the same 0-surgery 
have the same concordance invariants for relevant orientations (see Problem 1.19 
in [20] and introduction in 0 ). Furthermore, if every homotopy 4-sphere is diffeo- 
morphic to the standard one, then this conjecture is true when one knot is slice 
(see [IS]). On the other hand, Cochran, Franklin, Hedden, and Horn m produced 
non-concordant pairs of knots under the weaker assumption that 0-framed surgeries 
on knots are homology cobordant. For related results in the link case, we refer to 
[9] and the references therein. Recently Abe and Tagami [1] proved that, if the 
slice-ribbon conjecture is true, then the Akbulut-Kirby conjecture is false. 

In this paper we disprove the Akbulut-Kirby conjecture. In fact, we show that 
0-framed knots given by Theorem 1 1.1 1 are counterexamples. 

Theorem 1.7. There exists a pair of knots in with the same 0-surgery which 
are not concordant for any orientations. Furthermore, there exist infinitely many 
distinct pairs of knots satisfying this condition. 

It is natural to ask whether a knot concordance invariant provides an invariant 
of 3-manifolds given by 0-surgeries of knots. Cochran, Franklin, Hedden, and Horn 
m proved that the invariants t and s ( [5S1 [31] ) are not invariants of homology 
cobordism classes of such 3-manifolds. Our examples show 

Corollary 1.8. The knot concordance invariants t and s are not invariants of 

3- manifolds given by 0-surgeries of knots. 

2. Preliminaries and notations 

In this section, we recall basic definitions and facts and introduce our notations. 
Our main tools are 4-dimensional (Stein) handlebodies and Legendrian knots. For 
their details, we refer to gmiiiiT]. 

2.1. Knots. Let AT be a knot in S^. The f-genus g 4 {K) is defined to be the 
minimal genus of a properly embedded smooth surface in D'^ bounded by the knot 
K. For an integer n, the 4-manifold represented by K with n-framing means the 

4- manifold obtained from D'^ by attaching a 2-handle along K with n-framing. The 
n-shake genus gi'^\K) is dehned to be the minimal genus of a smoothly embedded 
closed surface representing a generator of the second homology group of this 4- 
manifold mm)- Note the obvious relation gi'^\K) < g^^K). The lemma below is 
well-known and obvious from the definition. 

Lemma 2.1. Two concordant knots in have the same f-genus. 
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For an integer n, let /„ : S'^ x ^ N{K) C be a trivialization of the tubular 
neighborhood N{K) of a knot K corresponding to the n-framing of K. For a knot 
P in the solid torus x D^, we denote the knots fo{P) in by P{K). The knot 
P{K) is called the satellite of K with the pattern P, and the knot fn{K) in is 
called an n-twisted satellite of K with the pattern P. The map on the set of knots 
in given by if M- P{K) is called a (untwisted) satellite map. 

2.2. Legendrian knots. Throughout this paper, a Legendrian knot in means 
the one with respect to the standard contact structure on S^. For a Legendrian 
knot 1C in let tb{K) and r{lC) denote the Thurston-Bennequin number and the 
rotation number, respectively. According to dans], the 4-manifold represented by 
/C with the framing tb{JC) — 1 admits a Stein structure. Since any Stein 4-manifold 
can be embedded into a closed minimal complex surface of general type with 6^ > 1 
m), the well-known adjunction inequality for this closed 4-manifold (dSEaiia 
[28]) together with Gompf’s Chern class formula (dS]) gives the following version 
for the Stein 4-manifold. Note that this holds even for the genus zero case (cf. 
dziisaii]), unlike the version for general closed 4-manifolds. 

Theorem 2.2 (|5l|25]). tb{IC) - 1 -f |r(/C)| < 2gi*''^'^'>~^\lC) - 2. 

We define the adjunction number ad{JC) as the left side of this inequality, namely, 
ad{IC) = tb{IC) - 1 + \r{IC)\. 

For a knot K in we say that a Legendrian knot /C is a Legendrian representative 
of K a 1C is smoothly isotopic to K. We denote the set of Legendrian representatives 
of K by C{K). We define the maximal Thurston-Bennequin number tb(K) and the 
maximal adjunction number ad{K) of K by 

tb{K) = max{t&(/C) | K S C{K)} and ad{K) = max{ad(/C) | 1C € C{K)}. 

We also define the symbol tb{K) by 

tb{K) — max{t6(/C) | K. G T(if), ad{lC) = ad{K)}. 

2.3. Corks. For a compact contractible smooth 4-manifold C and an involution 
T : dC —>■ dC, the pair (C, r) is called a cork, if r extends to a self-homeomorphism 
of C but does not extend to any self-diffeomorphism of C. (We assume that a 
cork is contractible for simplicity, though we did not in [^.) For a smooth 4- 
manifold X containing C as a submanifold, remove C from X and glue it via the 
involution r. We call this operation a cork twist along (C,t). We note that any 
self-diffeomorphism on the boundary of a smooth contractible 4-manifold extend to 
a self-homeomorphism of the 4-manifold ([S]). For examples of corks, see [6]. 

3. A NEW DESCRIPTION OF CORK TWISTS 

In this section, we give a new family of corks and introduce a new description 
of cork twists, which we call a hook surgery in Section [5] The new description is a 
key of our main results and has independent interest. 

We first construct a new family of corks. For an integer n, let I 4 , be the con¬ 
tractible 4-manifold given by the left diagram of Figured) It is easy to check that 
this manifold is diffeomorphic to the right 4-manifold by isotopy, where the box 
— j denotes —n right handed half twists. Note that the link is symmetric. Let 
Pn '■ dVn —t dVn be the involution obtained by first surgering x to x 5^ 
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and then surgering the other x to x (i.e. replacing the dot and the 
zero in the diagram). In the case n > 0, by converting the 1-handle notation, we 
obtain the Stein handlebody presentation of Vn in Figure [H where the left handed 
full twists in the box denote the Legendrian version shown in Figure |3l Hence ac¬ 
cording to Haul], Vn admits a Stein structure for n > 0. We remark that (Vb, 5 o) 
is the same cork as in [ 6 ]- 



Figure 1. Two diagrams of Vn 




Figure 2. A Stein handlebody presentation of Vn (n > 0) 

We can easily show the lemma below similarly to [HE]. 

Lemma 3.1. (Vn,gn) is a cork for any integer n > 0. 

We next introduce a new description of cork twists. For an integer n, let V* be 
the left contractible 4-manifold in FigureS] Note that this manifold is diffeomorphic 
to the right 4-manifold by isotopy. We present a knot K in by using a tangle Tk 
as shown in Figure [5l We show that a cork twist along {Vn,gn) can be obtained as 
in the lower side of Figure El Note that the upper side describes a cork twist along 
{Vn,gn)- In particular, for any knot K and any integers n, k, hooking the fc-framed 
knot K to the 1-handles of Vn and V* in the same way has an effect of a cork twist 
along the obvious (Vn,gn)- This is of independent interest because all known cork 
twists are described by an exchange of a dot and zero in the language of handlebody 
diagram (e.g. the upper side). Due to this description, one might expect that V* 
is an exotic copy of 14,. However, it turns out that V* is diffeomorphic to 14. 

To obtain the new description, we construct a diffeomorphism 914 ^ 9V*. For 
a knot K in S^, let 'Jk and 7 ^ be knots in 914 and 914 given by Figure [3 
respectively. 
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Figure 3. Legendrian versions of a left handed full twist 



Tk 


Figure 5. A knot K in given by a tangle Tk- 

Theorem 3.2. For each integer n, there exists a diffeomorphism g* : dVn —>■ dV* 
satisfying the following conditions. 

• The diffeomorphism g* sends the knot jk to 7 ^ for any knot K in . 

• The diffeomorphism gfi o gf^ '■ dVn —>■ dVf extends to a diffeomorphism 
Vn ^ Vf. In particular, Vf is diffeomorphic to 14, • 

Proof. Let 5 * : 914 —t dVf be the diffeomorphism defined by Figured (For the 
step from the seventh diagram to the eighth, use the isotopy in Figure [5] after can¬ 
celing the 1-handle.) The first condition of the claim is obvious from the figure. The 
diffeomorphism gfiO g~^ is clearly given by the procedure from the second diagram 
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cork twist 


II^ diffeomorphic 



Figure 6 . A new description of a cork twist (lower side) 




Figure 7. Knots jk and 7 ^ in dVn and dV* 


to the last diagram in the figure. Since each step is induced from a diffeomorphism 
between the obvious 4-manifolds, the second condition follows. □ 

Corollary 3.3. Assume that a smooth 4-'m‘0-nifold X contains {n > 0) as a 
submanifold. Then the ^.-manifold obtained from X by removing Vn and gluing V* 
via the gluing map g* is diffeomorphic to the 4-vnanifold obtained from X by the 
cork twist along {V„,gn). 

Proof Since gn ° 9n^ ■ 9Vn —> dV* extends to a diffeomorphism Vn ^ V*, and 
9n = (.9n ° 9n^) ° the claim follows. □ 

In summary, V* is diffeomorphic to F„, and a cork twist along (Vn,gn) has the 
same effect as a surgery along 14 , via the gluing map 5 * : dVn —>• dV*, as shown in 
Figure m 
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Figure 8 . The diffeomorphism 5 * : dVn —>■ dVn 
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Figure 9. Isotopy 
4. Proofs of the main results 

In this section we prove our main results. For integers n, m, let Pn,m and Qn,m 
be the knots in unknotted solid tori in given by Figure [TUI Here the dotted lines 
indicate solid tori, and the box n denotes |n| right (resp. left) handed full twists if n 
is positive (resp. negative). In the case where m = 0, they have the simple diagrams 
shown in Figure [TTJ We regard Pn,m and Qn,m as (untwisted) satellite maps. Note 
that the knot Pn,m{K) (resp. Qn,m{K)) is isotopic to the n-twisted satellite of a 
knot K with the pattern Po.m (resp. Qo.m)- Let Pn %iK) (resp. Q^n}n{K)) denote 
the 4-manifold represented by the knot Pn,m{K) (resp. Qn,m{K)) with n-framing. 




Figure 10. Pattern knots Pn,m and Qn,m {n, m G Z) in unknotted 
solid tori in S^. 

Here we prove that the pair of satellite maps Pn,m and Qn,m produces many 
pairs of n-framed non-concordant knots, each pair of which represents a pair of 
exotic (Stein) 4-manifolds. 
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Pn,0 


Figure 11. Pattern knots 
solid tori in S^. 



Theorem 4.1. Fix integers n and m with m > 0. For each knot K in satisfying 
2gi{K) = ad{K) + 2 and n < tb(K), the knots Pn,m{K) and Qn,ra{K) satisfy the 
following conditions. 

• The 4-nianifolds Pn %{K) and Q^Jn (K) are homeomorphic but not dijfeo- 
morphic to each other. Furthermore, both of these 4-manifolds admit Stein 
structures if n < tb(K) — 1. 

• 9i{Pn,m{K)) = gi{K) + 1 and gi{Qn,m{K)) = g^iK). 

Consequently, the knots Pn,m{K) and Qn,m{K) o-re not concordant for any orien¬ 
tations, and their n-surgeries yield the same 3-manifold. 

Remark 4.2. (1) There are many knots satisfying 2g4{K) = ad{K) + 2. For 
example, it is well-known that any positive {p, ( 7 )-torus knot Tp,q satisfies this as¬ 
sumption, and tb{Tp g) = tbiTp^q) = pq — p — q. This can be easily seen from an 
appropriate Legendrian realization and the adjunction inequality. 

(2) If a knot K in satisfies the assumption of this theorem for fixed integers 
n,m, then both of the knots Pn,m{K) and Qn,m(,K) also satisfy the assumption 
(see Remark 14.51) . Therefore, for each integer n, just by iterating this operation to 
any knot satisfying the assumption, we obtain infinitely many distinct pairs of n- 
framed non-concordant knots such that each pair represents a pair of exotic (Stein) 
4-manifolds. 

(3) The knot Qn,m(,K) is concordant to K for any integers n, m. This can be easily 
seen from the diagram of Qn,m by checking that the pattern knot Qn,m is a band 
sum of the longitude of the solid torus and an unknot which are unlinking. 

To prove this theorem, we show the lemma below. As seen from the proof, we 
obtained the satellite maps Pn,m and Qn,m from the cork Vm and its alternative 
description Vf^. 

Lemma 4.3. For any integers n, m and any knot K in , the 4-manifold Pk%{K) 
is homeomorphic to Qlffm{K). 

Proof. We present a knot K using a tangle Tk as in Figure [SI We can easily check 
that P^m{K) and {K) are respectively diffeomorphic to the left and the up¬ 
per right 4-manifolds in Figure [121 by canceling the 1-handles (see also Figure [2| 
and the right diagram in Figure [4]). By Theorem 13.21 Q^}n{K) is obtained from 
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Pri%i{K) by removing Vm and gluing via the gluing map g*. Since any diffeo- 
morphism between the boundaries of contractible smooth 4-manifolds extends to a 
homeomorphism between the 4-manifolds ([E]), the claim follows. □ 



Figure 12. The left and the right 4-manifolds are diffeomorphic 
to Pi%{K) and Q^n}n{K), respectively. 


Remark 4.4. It follows from Corollary 13.31 isee also Figure [12]) that is 

obtained from Q^n}m{K) by a cork twist along {Vm,gm) (in the case m > 0). 

Akbulut and the author [8] gave an algorithm which produces arbitrarily many 
exotic Stein 4-manifolds by applying corks. Adapting the argument to our simple 
case, we prove Theorem l4.ll 

Proof of Theorem EH Fix integers n and m with m > 0. Let K he a, knot in 
satisfying 2g4{K) = ad{K) + 2 and n < tb{K). We first give Legendrian represen¬ 
tatives of the satellite knots Pn,m{K) and Qn,m{K)- Due to the assumption on K, 
there exists a Legendrian representative of K with tb = tb{K) and ad = ad{K). 
Since n < tb{K), by adding zig-zags to a front diagram of the representative, we 
get a Legendrian representative /C of AT satisfying n = tb{IC) and ad(JC) = ad(K). 
We present a front diagram of /C by a Legendrian tangle 7jc as in the left diagram 
of Figure |T3| We then draw the front diagram consisting of three copies of K, each 
of which is slightly shifted to the vertical direction (cf. upper Legendrian pictures 
in Figure |3|). We present the resulting front diagram by a Legendrian tangle as 
in the right diagram. Using this tangle, we obtain the Legendrian representatives 
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of Pn,m{K) and Qn,m{K) in Figures [Ml and [T5l respectively. Here the left handed 
full twists in the boxes denote the Legendrian versions shown in Figure [H 


Tk 





Figure 13. The left is a front diagram of 1C. The right is a front 
diagram consisting of three copies of 1C slightly shifted to the ver¬ 
tical direction. 




Figure 14. A Legendrian representative of Pn,m{K) {m > 0) 



Figure 15. A Legendrian representative of Qn,m{K) {m > 0) 


Next we determine the 4-genus and the n-shake genus of Pn,m{K)- By count¬ 
ing the writhe and the number of left cusps of the front diagram, one can easily 
check that the Legendrian representative of Pn,m{K) satisfies tb = tb{lC) + 2 and 
|r| = |r(/C)|. By adding a zig-zag to this front diagram, we get a Legendrian repre¬ 
sentative of Pn,m{K) with tb = n + \ and |r| = |'r(/C)| -|- 1. Applying the adjunction 
inequality, we see 


n + \r{lC)\ + 1 < 2gi^\Pn,m{K)) - 2. 
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Since n — 1 + \r{lC)\ = ad{K) and 2g4{K) = ad{K) + 2, this inequality implies 
gs^\Pn,m{K)) > g 4 {K) + 1. On the other hand, we see that Pn,m{K) becomes 
isotopic to K, after changing the lowest crossing shown in Figure [TH This implies 
that Pn,m{K) bounds a surface of genus ( 74 (/C) + 1 in Therefore, we obtain 

g^:^\Pn,m{K)) = g4{Pn,AK)) = g4{K) + 1 . 

Since Qn,m{K) is concordant to K fRemark 14.21) . we also see 

g^iQuUK)) = g4{K). 

Here we distinguish smooth structures on Pi %{K) and By Lemmali^l 

the 4-manifold P^m{K) is homeomorphic to Q^)n{K). On the other hand, the 
above arguments show 

5s \P'n,miK)) = giiK) + 1 > giiQn,miK)) P 5s iQn,miK)) . 

Consequently, gi'^\Pn,m{K)) ^ gs^\Qn,miK))- Therefore, it follows from the 
definition of the n-shake genus that Pn^m{K) is not diffeomorphic to Q^m (K). 

Lastly we check existence of Stein structures on Pn %{K) and Q^n)n{K). By 
using the left and the lower right diagrams of Pn %{K) and Q^LiK) in FigurelH] 
and the Stein handlebody diagram of in Figure^ we can easily realize P^m{K) 
(resp. (K)) as a Stein handlebody for n < tb{K) (resp. n < tb{K) — 1). Hence, 
according to [Ml Hi, these 4-manifolds admit Stein structures. □ 

Remark 4.5 (Knots Pn,m{K) and Qn,m{K)). Fix integers n, m with m > 0. For a 
knot K satisfying the assumption of Theorem 14. 11 the knots Pn^m{K) and Qn,m{K) 
satisfy the conditions below, as seen from the proof. 

2g4{Pn,m{K)) = ad{Pn,m{K)) + 2, tb{Pn,m{K)) > u + 2. 

2g4iQn,miK)) = ad{Qn,m{K)) + 2, tb{Qn,m{K)) > n. 

Remark 4.6 (The n-shake genera). Fix integers n,m with m > 0. Assume that 
a knot K satishes the assumption of Theorem 14.11 Then the n-shake genera of 
Pn,m{K) and Qn,m{K) are given as follows. 

g^r\Pn,m{K))=g 4 {K)pl, iin<tb{K). 

gi'^'’ iQn,m{K)) = 54(Ar), if n < tb{K) - 1. 

The former equality is obvious from the proof of Theorem 14.11 The latter can be 
seen as follows. It is easy to realize the lower right handlebody in Figure [12] as 
a Stein handlebody, if n < tb{K) — 1. Therefore, this manifold admits a Stein 
structure. Applying the adjunction inequality for Stein 4-manifolds ([5l [25]. cf. 
[171127]) to this 4-manifold, we obtain the above equality. 

Remark 4.7 (The knot concordance invariants r and s). Let n,m,K be as in 
Remark ITIBI Then r and s of Pn,m{K) and Qn,m{K) are given as follows. 

2T{Pn,m{K)) = s{Pn,m{K)) = 2g4{Pn,m{K)) = ^(K) + 4, 
2T{Qn,miK)) = s{Qn,m{K)) = 2g4{Qn,m{K)) = ^{K) + 2. 
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These are straightforward from Remark 14.51 and the following inequalities for an 
arbitrary knot L in ([30], [31], [34]. cf. m)- 

ad{L) < 2 t{L) - 2 < 2g4{L) - 2, ^(L) < s{L) - 2 < 2g4{L) - 2. 

Remark 4.8. (1) The n-shake genus (and thus 4-genus) of Pn,m{K) can be ob¬ 
tained also by applying the original argument of Akbulut and the author [8], that 
is, by applying the adjunction inequality to the (Stein version of) left handlebody 
in Figure [T^ This method clearly works for many other satellite knots. The argu¬ 
ment of this paper is a simplification of this method by canceling the 1-handle. 

(2) Shortly after this paper appeared on arXiv, Ray kindly informed the author 
that the above values of tb, the n-shake genus, the 4-genus, r and s for Pn,m{K) 
follow from earlier (but later than [8]) results of Cochran-Ray [12], which were 
obtained by the similar arguments. Furthermore, they also discussed iterations of 
satellite operations. We remark that their notations are different from ours. See 
also Ray [33] for interesting applications of iterations. 

We give a simple example in the case where the framing is 0. 

Example 4.9. We consider the right handed trefoil knot T 2 , 3 . This knot sat¬ 
isfies the assumption of Theorem 14.11 and th{T 2 ^^) = 16(72,3) = 1- Hence by 
Theorem HU the knots 7b,o(72,3) and Qo,o(72,3) are non-concordant for any ori¬ 
entations, and their 0-surgeries yield the same 3-manifold. Furthermore, these 
knots with 0-framings represent Stein 4-manifolds which are homeomorphic but 
non-diffeomorphic to each other. Figure [16] gives diagrams of these knots. 




Figure 16. Po, 0 ( 72 . 3 ) and Qo,o(P 2 , 3 ) 

Now we can easily prove our main results. 

Proof of Theorem,s \l.l\ and \1.7\ and Corollary \1.2\ These are obvious from Theo¬ 
rem 14.11 and Remark 14.21 Note that we can distinguish the pairs of knots by 
comparing their 4-genera. □ 


Proof of Corollary \1.4\ This is obvious from Lemma 14.31 Theorem 14.11 and Re¬ 
mark 14.21 □ 
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Proof of Corollary \1.8[ This is obvious from Theorem 14.11 and Remarks 14.21 and 

mi □ 

Regarding Stein structures, Theorem 14.11 also gives framed knots which represent 
exotic 4-manifolds different from those in Corollary 11.21 

Corollary 4.10. Fix integers n,m with m > 0. Assume that a knot K satisfies 
n = tb{K) = 2gi{K) — 1. Then the 4-manifolds and are homeo- 

morphic but not diffeomorphic to each other. Furthermore, P^m{K) admits a Stein 
structure, but Q^m{K) does not admit any Stein structure. 

Proof. The former claim follows from Theorem 14.11 The proof of Theorem 14.11 
shows that P^m{K) admits a Stein structure. By the inequality glP'\Qn,m{K)) < 
gi{Qn,m{K)) = gi{K) and the assumption, we see 2gi^\Qn,m{K)) — ‘2^ > n. Since n 
is the self-intersection number of the generator of Z), the adjunction 

inequality for Stein 4-manifolds ([Sill], cf. iniisz]) guarantees that Q^m{K) does 
not admit any Stein structure. □ 

Corollary 4.11. For each integer n, there exist infinitely many distinct pairs of 
n-framed knots such that each pair represents a pair of homeomorphic but non- 
diffeomorphic non-Stein f-manifolds. 

Proof. Let n,m he fixed integers with m > 0. Assume that a knot K satisfies 
2gfiK) = ad{K) -|- 2, n < tb{K), and n < tb{K) — 1. We denote the mirror images 
of the knots Pn,m{K) and Qn,m{K) by Pn,m{K) and Qn,m{K). We here show that 
the 4-manifold represented by Pn,m{K) with (—n)-framing does not admit any 
Stein structure. Suppose, to the contrary, that this 4-manifold X admits a Stein 
structure. Then the boundary connected sum Z := X'^Pli%i{K) admits a Stein 
structure, since P!hm{K) admits a Stein structure. By a handle slide, we see that Z 
contains an embedded 2-sphere representing a non-zero second homology class with 
the self-intersection number 0. (Note that the connected sum Pn,m{K)ffPn,m{K) is 
a ribbon knot.) This contradicts the adjunction inequality for Stein 4-manifolds m 
Eg. cf. iniEz])- Hence X does not admit any Stein structure. The same argument 
clearly works for Qn,m{K). Therefore, the knots Pn,m{K) and Qn,m{K) with {—n)- 
framings represent non-Stein 4-manifolds. Since these non-Stein 4-manifolds are the 
4-manifolds P^m{K) and Q^m(K) with the reverse orientations. Theorem 14.11 and 
Remark 14.21 imply the claim by varying K. □ 

One might ask whether our counterexamples to the Akbulut-Kirby conjecture are 
topologically concordant. We point out that there are infinitely many topologically 
concordant examples among them by an argument similar to m- 

Corollary 4.12. There exists a pair of knots with the same 0-surgery which are 
topologically concordant but smoothly non-concordant for any orientations. Further¬ 
more, there exist infinitely many distinct pairs of knots satisfying this condition. 

Proof. Let m > 0 be a fixed integer, and let AT be a topologically slice knot with 
2g4{K) = ad{K) -\-2 and 0 < tb{K). For example, the untwisted Whitehead double 
of a positive torus knot satisfies this condition (e.g. IS])- Note that the Whitehead 
double of a knot is topologically slice as is well-known. It is known that if two knots 
are topologically concordant, then the images of them by a satellite map are also 
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topologically concordant (e.g. [10]). Hence Po,m{K) and Qo,m{K) are topologically 
slice knots. Therefore, by Theorem 14.11 the pair of knots Po^m{K) and Qo. (K) 
satisfies the claim. Remark thus tells that we obtain infinitely many distinct 
such pairs by iterating this construction. □ 

Let us recall that each of our counterexamples to the Akbulut-Kirby conjecture 
is a pair of knots Po,m(Ar) and Qo,m(Ar) (m > 0), where K is an arbitrary knot 
satisfying 2gi{K) = ad{K) + 2 and 0 < tb{K). Levine kindly pointed out to the 
author that, at least in the m — 0 case, the condition on K can be relaxed by 
combining a result of his paper [23], namely, the corollary below holds. Here e is 
an invariant of knot concordance defined by Horn [18] . 

Corollary 4.13. Assume that a knot K satisfies either t{K) > 0 or e{K) = —1. 
Then the knots Po,o(A') and Qo,o(A') have the same 0-surgery but are not eoncordant 
for any orientations. 

Proof. A result of Levine [23] shows r(Po,o(A')) = r(Ar)+l under the above assump¬ 
tion. Hence Pofi{K) is not concordant to K for any orientations. Since Qofi{K) is 
concordant to K (Remark I4.2|l , this fact and Lemma 14.31 shows the claim. □ 

We remark that this corollary enlarges the class of K from the class given by 
Theorem 14.11 For example, a negative torus knot Tp,-q (_p, q > 1) satisfies the 
assumption of this corollary by [T^ , though it does not satisfy the aforementioned 
condition given by Theorem 14.II 

Remark 4.14 (Extension of the main construction). For simplicity, we defined 
the cork {Vm,gm) and the pattern knots Pn,m and Qn,m in the case where m is 
an integer. Clearly, we can extend these definitions to the case where m is a half¬ 
integer. Moreover, we can similarly prove our results for any positive half-integer 
TO. We remark that {Vi,gi) is the same cork as (lHi,/i) in [B]. 

5. Hook surgery and dot-zero surgery 

In this section we first introduce a hook surgery as a formulation of the new 
description of cork twists obtained in Section (3] We next discuss a certain surgery 
which we call a dot-zero surgery. This surgery is a generalization of cork twists along 
Mazur type corks. Specifically we give a sufficient condition on a link in such that 
any dot-zero surgery induced from the link does not change the smooth structure 
of a 4-manifold. Applying Stein 4-manifolds 14 and V* obtained in Section [31 we 
then show that the effect of a dot-zero surgery along a fixed contractible 4-manifold 
does depend on the choice of a link presentation of the fixed 4-manifold. 

5.1. Hook surgery. For a given link L of two components in with an unknotted 
component U, by putting a dot on U and a 0 on top of the other component, we get 
a handlebody diagram as shown in Figure fTTl Here Tp, denotes a tangle representing 
L. We denote the resulting 4-dimensional handlebody by Ap,. 

Now let Lx and L 2 be two links satisfying the above condition of L. We further 
assume that the linking number of the two components of each Li is one. Note 
that both Aij and are contractible due to this assumption. For a knot K 
in we present K as in Figure [5] using a tangle Tk. We define knots 7 ^ and 
7 ^ in 9 Ali and SAlj by Figure [HI Suppose that a diffeomorphism ip : dXr^ 
BXl^ maps the knot 7 ]^ to 7 ^ for any knot K in S'^, and that ip extends to a 
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Figure 17. Xl 

homeomorphism —>■ X^^ but cannot extend to any diffeomorphism X^-^ —> 

Xl^. Then we call each X^. a hook and call [X^-^, XL^,ip) a hook pair. We note 
that any diffeomorphism between the boundaries of contractible smooth 4-manifolds 
extends to a homeomorphism between the contractible 4-manifolds according to 
[HI, and that such a diffeomorphism necessarily preserves the framing of "fx (This 
can be seen by comparing the intersection forms of 4-manifolds X^. with a 2-handle 
attached along ‘Jx-). For a smooth 4-manifold Z containing Xl^ as a submanifold, 
remove X^.^ from Z and glue X^^ via the gluing map (p. We call this operation a 
hook surgery along <p). 




Figure 18. Knots and 7^ in dXi,.^ and dXL 2 


By Theorem 13.21 and Lemma IXTl {Vn,V*,g^) is a hook pair for each n > 0. 
Furthermore Corollary 13.31 tells that a hook surgery along {Vn,V*, g^) has the 
same operation as a cork twist along (Vn^gn)- As seen from our results, a hook 
surgery is useful to obtain pairs of (non-concordant) knots and links representing 
exotic pairs of 4-manifolds. Hence, constructing links in admitting a hook pair 
is a natural problem. It is also interesting to characterize corks of Mazur type 
admitting compatible hook surgeries. 

5.2. Dot-zero surgery. For an ordered link L of two unknotted components in 
, we denote the link L with the reversed order by L . Let Xl be the 4-dimensional 
handlebody obtained from L by putting a dot on the first component and a 0 on 
top of the second component (see Figure [T71) . By exchanging the dot and zero, we 
obtain the handlebody Xp^. Since Xj^ is obtained from Xl by surgering 5'^ x to 
X and then surgering the other x to x D^, this operation induces 
a diffeomorphism pL ■ dX^ —>■ dX-p. For a smooth 4-manifold Z containing Xl as 
a submanifold, remove Xl and glue Xj back via the gluing map ipL- We say that 
the resulting 4-manifold is obtained from Z by a dot-zero surgery along (Xl, (/^l)- 
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It is known that many important surgeries are essentially dot-zero surgeries 
along (often Stein) 4-manifolds. Logarithmic transform, Fintushel-Stern’s rational 
blowdown, cork twists and plug twists are such examples (cf. [HIHIII^)- Therefore, 
characterizing a link which can (or cannot) alter diffeomorphism types preserving 
homeomorphism types is a natural problem. The characterization is also helpful to 
find a diffeomorphism between complicated handlebodies. 

We here give a sufficient condition on a link such that any dot-zero surgery 
induced from the link does not change the diffeomorphism type of a 4-manifold. 
For an ordered link L of two unknotted components in 5'^, we present L as in the 
left diagram of Figure [19] using a tangle T^. Let L' be the associated link given by 
the right diagram. 




Figure 19. Link L and its associated link L', where Tl is a tangle. 

Proposition 5.1. For an ordered link L of two unknotted components in , if 
the associated link L' is the trivial link, then the diffeomorphism ipi, : dXi, —>■ dXj^ 
extends to a diffeomorphism X^ ^ Xj^. Consequently, any dot-zero surgery along 
{Xl,iPl) does not change the diffeomorphism type of a f-manifold. 

Proof. The diffeomorphism : dXi, —>■ dXj^ is described in the upper side of 
Figure !^ The claim thus follows from the decomposition of ipL in the figure and 
the fact that any self-diffeomorphism of extends to a self-diffeomorphism of 
D'^. □ 

Let Ln be the link in given by the diagram of Vf in Figure |H Since Vf{=Vn) 
admits a Stein structure for each n > 0, one might expect that a dot-zero surgery 
along {Xl^,(pl„) can alter smooth structures of 4-mamfolds. In fact, if a tangle Tl 
of a link L admits a Legendrian representative with tb > 1, then we can show that 
a dot-zero surgery along {Xl, can alter smooth structures (cf. [5113]). However, 
by the above proposition, any dot-zero surgery along {Xl„,<Pl.„.) does not change 
smooth structures. Hence we obtain the following corollary. 

Corollary 5.2. For each integer n, the diffeomorphism ipLn ■ 

tends to a diffeomorphism Xl^ ^ ^z ■ Furthermore, Xl„ admits a Stein structure 

for n > 0. 

We remark that the Hopf link has been the only known such example to the best 
of the author’s knowledge. Since Xl„ = Vf is diffeomorphic to F„, and is a 
cork for each n > 0, any (n > 0) is not isotopic to the Hopf link. Note that the 
4-ball is not a cork. These links L^’s are probably mutually non-isotopic links (e.g. 
calculate Casson invariants of OXl^ = dVn), but we do not pursue this point here. 
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Figure 20. Decomposition of the diffeomorphism (p^ ■ dX^ —S' dXj^ 


Since {Vn,gn) is a cork for n > 0, and Vn is diffeomorphic to V*, we obtain the 
corollary below. 

Corollary 5.3. There exist two links Ji, J 2 of two unknotted components in 
satisfying the following conditions. 

• The ^-iTT-anifolds Xj.^ and are diffeomorphic to each other. 

• <pj^ : dXj^ extends to a diffeomorphism ^ TJ 2 ■ 

dXjj —^ cannot extend to any diffeomorphism Xj^ —)> Xj^. 

Therefore this corollary together with the proof of Theorem 14.11 tells that the 
choice of a link presentation of a fixed contractible 4-manifold does affect the dif¬ 
feomorphism type of a 4-manifold obtained by a dot-zero surgery along the fixed 
4-manifold. 
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